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Figure: Example of Undirected Graph, G = (V ,E )

Figure: Example of Directed Graph, G = (V ,E )

Montaz Ali School of Computer Science and Applied Mathematics University of the Witwatersrand, Johannesburg, South Africa ()Maximum Cut of Graph by Semidefinite Relaxation January 30, 2022 3 / 15



Figure: Example of Graph Cut

Figure: Example of Graph Cut
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Figure: Example of Graph Cut

Figure: Example of Graph Cut
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VLSI Design: Applications of Graph Cut

Figure: Example of Graph Cut
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Image Segmentation: Applications of Graph Cut

Figure: Example of Graph Cut
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Mathematical Model of Max-2-Cut Problem

Consider undirected G (V ,E ) such that |V | = n and |E |=m.

Divide the vertex or node set V into S and V \ S
(
= S̄

)
.

For all edges e = (i , j) ∈ E the weight wij ∈ R are known, wij = wji

If e = (i , j) 6∈ E then wij = 0, wii = 0, ∀i ∈ V .
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Mathematical Model of Max-2-Cut Problem

Associate a variable xi for each node i ∈ V .

Assign xi = 1 if i ∈ S , and xi = −1 if i ∈ V \ S , i = 1, 2, · · · , n.

Find an optimal S such that the cut value is maximum:

1

4

n∑
i=1

n∑
j=1

wij(1− xixj)
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Relaxation by Semidefinite Programming (SDP)

Trace(AB) =
∑
i

(AB)ii =
∑
i

∑
j

AijBji =
∑
j

∑
i

BjiAij = Trace(BA)

Trace
(

(AB)T
)

=
∑
i

(BTAT )ii =
∑
i

∑
j

BT
ij A

T
ji =

∑
i

∑
j

AT
ji B

T
ij

=
∑
i

∑
j

AijBji = Trace(AB)
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What are Semidefinite Programs (SDP)

maxC • X , s.t

Ai • X = bi ∀i

X < 0

C • X = 〈C ,X 〉 = Trace(CTX ) = Trace(CX )
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Linear Programs are SDPs

LP : max cT x s.t.
aTi x = bi , i = 1, 2, · · · ,m.
x ∈ Rn

+ = {x ∈ Rn
∣∣xi ≥ 0}

Ai =


ai1 0 · · · 0
0 ai2 · · · 0
...

...
. . .

...
0 0 · · · ain

 , i = 1, 2, · · · ,m; C =


c1 0 · · · 0
0 c2 · · · 0
...

...
. . .

...
0 0 · · · cn



X =


x1 0 · · · 0
0 x2 · · · 0
...

...
. . .

...
0 0 · · · xn
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LPs are SDPs

LP : max cT x s.t.
aTi x = bi , i = 1, 2, · · · ,m.
x ∈ Rn

+ = {x ∈ Rn
∣∣xi ≥ 0}w�

SDP : max C • X s.t.
Ai • X = bi , i = 1, 2, · · · ,m.
X < 0
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SDP for the Max-Cut Problem

Define yi = (0, 0, · · · , xi )T and Xij = yTi yj

Lij =

{ ∑
k wik if i = j

−wij if i 6= j

1
4

∑n
i=1

∑n
j=1 wij(1− Xij) = 1

4

(∑n
i=1

∑n
j=1 wij −

∑n
i=1

∑n
j=1 wijXij

)
= 1

4

(∑
i

(∑
j wij

)
+
∑

i ,i 6=j

∑
j ,j 6=i LijXij

)
= 1

4

(∑
i LiiXii +

∑
i 6=j LijXij

)
= 1

4〈L,X 〉
= 1

4L • X
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The SDP Relaxed Problem

max 1
4L • X , s.t

X • eieTi = 1 ∀i
X < 0

Xii = X • eieTi and ei is the i-th coordinate vector.
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